In this paper we consider the multipoint boundary value problem for one-dimensional p-Laplacian
Introduction
In this paper we study the existence of multiple positive solutions to the boundary value problem (BVP) for the one-dimensional p-Laplacian φ p (u ) + f (t, u) = 0, t ∈ (0, 1), ( The study of multipoint boundary value problems for linear second-order ordinary differential equations was initiated by Il'in and Moiseev [1] . Since then there has been much current attention focused on the study of nonlinear multipoint boundary value problems, see [2] [3] [4] 7] .
In recent papers [5, 6] the authors have investigated the following BVP for one-dimensional p-Laplacian: 6) where
It is easy to check that system (1.3) and (1.4) has a solution u = u(t) if and only if u solves the operator equation
where φ q (s) is the inverse function to φ p (s).
In fact this statement is not true. It is also easy to check that u does not solve Eq. (1.3). In paper [6] the authors also claim that:
It is easy to check that system (1.5) and (1.6) has a solution u = u(t) if and only if u solves the operator equation
Unfortunately this statement is also wrong. So the conclusions of [5, 6] should be reconsidered. The aim of this paper is to show the existence of multiple positive solutions to the BVP (1.1) and (1.2) .
By the positive solution of (1.1) and (1.2) one means a function, u(t), which is positive on 0 < t < 1 and satisfies the differential equation (1.1) and the boundary conditions (1.2).
To obtain positive solutions of (1.1) and (1.2) the following fixed point theorem in cones is fundamental. Lemma 1.1 [8, 9] . Let K be a cone in a Banach space X.
Then the following results hold:
The preliminary lemmas
In this paper we assume that (H 1 ) and (H 2 ) hold. φ q (s) is the inverse function to φ p (s).
Lemma 2.1. The BVP (1.1) and (1.2) has a solution u(t) if and only if u(t) solves the equation
where
According to Lemma 2.1, we get
If t ∈ (0, 1), we have 
Proof. Clearly u (t) = −ϕ(t) 0. This implies that
It is easy to see that u (t 2 ) u (t 1 ) for any t 1 , t 2 ∈ [0, 1] with t 1 t 2 . Hence u (t) is a decreasing function on [0, 1]. This means that the graph of u (t) is concave down on (0, 1).
For each i ∈ {1, 2, . . . , n − 2} we have
and, with the boundary condition 
Proof. It is easy to check that 0 < γ 1 , γ 2 < 1 and K is a cone in C[0, 1]. According to Lemma 2.3, we easily obtain Au 0 and inf
This means that AK ⊂ K. It is easy to see that A : K → K is completely continuous. 2
We define
Lemma 2.5 [9] . Ω ρ has the following properties:
Now for convenience we introduce the following notations. Let 
Proof. By (2.2) and (2.3), we have for 
This implies that
Proof. Let e(t) ≡ 1 for t ∈ [0, 1]. Then e ∈ ∂K 1 . We claim that
In fact, if not, there exist u 0 ∈ ∂Ω ρ and λ 0 > 0 such that u 0 = Au 0 + λ 0 e.
By (2.2), (2.4) and Lemma 2.5(d), we have for
Therefore,
This implies that γρ γρ + λ 0 which is a contradiction. Hence by Lemma 1.1(2) it follows that i K (A, Ω ρ ) = 0. 2
Main results
We now give our results on the existence of multiple positive solutions of BVP (1.1) and (1.2). 1) and (1.2) has a third positive solution u 3 ∈ K ρ 1 .
The proof is similar to that given for Theorem 2.10 in [9] . We omit it here. As a special case of Theorem 3.1 we obtain the following result. As a special case of Theorem 3.2 we obtain the following result. 
